This paper proves the global existence of solution for a class of nonlinear wave equations with nonlinear combined power-type nonlinearities of different signs for the initial data at sup-critical energy level.
Introduction
In the present paper, we mainly consider the initial boundary value problem for the nonlinear wave equation with combined power-type nonlinearities of different signs,
u(x, t) = , x ∈ ∂ , t ∈ [, ∞),
u(x, ) = u  (x), u t (x, ) = u  (x), x ∈ ,
where ⊂ R n (n ≥ ) is an open bounded domain with smooth boundary ∂ , is the Laplace operator on R n , f (u) is for nonlinear combined power-type nonlinearities of different signs function of u, i.e.
In addition, p k and q j satisfy the following conditions (H): Throughout the present paper, the following notations are used for a precise statement:
, and the inner product (u, v) = uv dx.
Global existence at sup-critical case E(0) > 0
For problem ()-() we introduce the energy functional and the Nehari functional as follows:
and
Furthermore, for problem ()-(), we define a new stable set
which will be used to investigate the existence of a global solution with sup-critical initial energy.
Next, we give a definition of the weak solution for problem ()-().
The invariance of the stable set W under the flow of ()-() plays an essential role while proving the global existence of the weak solution for ()-(). In order to obtain the invariance, we need to prove the following lemma at first.
( ), and u(x, t) be solution of problem ()-()
with initial data (u  , u  ).
Assume that E() >  and the initial data satisfy
Then the map {t → u(t)
} is strictly decreasing as long as u(x, t) ∈ W.

Proof Let F(t) = u(t)
  , then
Multiplying equation () by u, and integrating the obtained result with respect to x over , we have
From () and (), we have
Furthermore, from u(t) ∈ W we get
which shows that F (t) is strictly decreasing on the interval [, ∞). Obviously from E() >  and (), we can get
From (), () becomes
By () and (), we have
which completes the proof.
In the following, we show the invariance of the new stable set W under the flow of problem ()-().
and u(x, t) be a weak solution of problem ()-() with maximal existence time interval [, T  ), T  ≤ +∞. Assume that the initial data satisfy (). Then all solutions of problem ()-() with E()
Proof We prove u(t) ∈ W. Arguing by contradiction, we assume that t  ∈ (, T  ) is the first time such that
By (iii) in Definition ., we get
And by () and (), we obtain
Due to (), we have
By the Cauchy-Schwarz inequality, we can get
From () and Lemma ., () becomes
that is,
It is obvious that () contradicts (). This completes the proof. Hence from Theorem ., it follows that T  = ∞ and the solution of problem ()-() exists globally.
